IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Thermodynamic properties and the magnetic neutron scattering cross-section of an atom in a

solid

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1996 J. Phys.: Condens. Matter 8 5915
(http://iopscience.iop.org/0953-8984/8/32/011)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.206
The article was downloaded on 13/05/2010 at 18:30

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/8/32
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys.: Condens. Matt8r(1996) 5915-5924. Printed in the UK

Thermodynamic properties and the magnetic neutron
scattering cross-section of an atom in a solid

Stephen W Lovesey
ISIS Facility, Rutherford Appleton Laboratory, Oxon OX11 0QX, UK

Received 10 April 1996, in final form 20 May 1996

Abstract. A model of an atom in a magnetic solid is used to investigate theoretically features
expected in the cross-section for the magnetic scattering of neutrons by the atom. The atom is
assumed to have two nondegenerate magnetic states, envisaged as two states in a crystal-field
energy level scheme very well separated in energy from all higher states, and the subject of
a Weiss molecular field. It is argued that the thermodynamic quantities which determine the
weights attached to elastic and inelastic scattering events, the magnetic moment and isothermal
susceptibility, respectively, obey a sum rule, and this is exploited to give the temperature
dependence of the weights given, say, the separation in energy of the crystal-field levels and the
critical temperature below which there is a spontaneous magnetic moment. A small value of the
ratio of the energy separation and critical temperature leads to properties significantly different
from those of an ion in a Weiss molecular field and not subjected to a crystal-field potential, for
which the magnetic moment as a function of temperature is obtained from a Brillouin function.
For this special limit of the parameters analytic expressions are provided for the moment and
susceptibility.

1. Introduction

The magnetic properties of some materials are tolerably described, in the first instance, in
terms of the individual constituent magnetic atoms, perturbed by their local environments,
instead of a more complicated scenario that involves all of the unpaired electrons from
all of the atoms. Empirical evidence shows that of many materials which contain atoms
from the rare-earth series in the Periodic Table belong to this class of magnetic materials,
and the finding can be understood on the grounds that the unpaired electrons occupy an
f shell which has a relatively small radius, i.e. f electrons are spatially localized and do
not meander throughout the material. In the localized model of a magnetic material the
environment of an atom is treated as a perturbation on the f-electron states. The components
of the perturbation have a range of strengths, and they are treated accordingly. For rare-
earth materials it is often adequate to neglect all perturbations other than the electrostatic
field created by the ligand ions (crystal-field potential) and the magnetic field produced by
neighbouring magnetic ions [1]. The magnetic field is normally represented by a Weiss
molecular field which is proportional to the atomic magnetic moment.

Two recent reports of the findings from interpretations of experimental investigations
of a Tb compound [2] and Pr compounds [3] conclude that the magnetic properties of the
rare-earth ions, to a large extent, can be described in terms of just two energy states. These
are two states from a plethora of crystal-field states included in the numerical analysis of
the data, and they differ in energy by a very small amonntwhen compared to the energy
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of the next state in the crystal-field energy level scheme. Both teams of investigators used
the neutron scattering experimental technique.

The main purpose of this paper is to derive the neutron scattering cross-section for a two-
state system, and provide a simple and believable interpretation of its main features. To this
end, the temperature dependence of the thermodynamic quantities that determine the weights
of elastic and inelastic scattering events are obtained. The method used is new, different
from the standard mean-field method for calculating thermodynamic quantities, and akin to
the method used to derive the spherical model from the Heisenberg spin Hamiltonian [4].

The model is derived from an isolated, two-state magnetic system, described by the
Hamiltonian Hy. To this is added a Weiss molecular-field ener§jy, meant to represent
the interaction of the systerfy with its magnetic environment. As normd, is assumed
to be proportional to the total angular momentum of the atdm With our new method
of calculating the thermodynamic propertiesid + V the strength of the Weiss molecular
field is not explicit in the cross-section, and the two parameters in the model arel the
temperatureT,, at which the spontaneous magnetic momggt,as a function of increasing
temperature, reaches the value zero. The two statég af V are separated by an energy,
¢, that varies with the temperature, and its maximum value is achieved at zero temperature.
However, at this temperature and far <« 7, the weight attached to the inelastic event,
in which the system is excited in energy by an amo#inis very small compared to the
weight attached to the inelastic events at a temperduteT,. at whiche = A.

In the neutron scattering cross-section the weight of the elastic evepn,isand
the weight of inelastic events, apart from the detailed-balance factor, is the isothermal
susceptibility, x. The quantityug + Tx is a constant® is the temperature in units of
Boltzmann’s constant) equal to the saturation moment. Thus, with incredsitngre is
a transfer of weight from elastic to inelastic events. Hor> T, one hasug = 0 and
the susceptibility obeys the Curie-Weiss law. Bel@wthe value ofug, and hencey,
depends on the energy-separation param#telThe dependence is very pronounced when
the separation is small comparedZq and it disappears in the opposite extreme.

The paper is arranged in the following way. Key properties and matrix elements of the
model are gathered in section 2. In the following section, the matrix elements are used to
calculate the explicit form of the cross-section. Its general properties provide definitions of
o andx which are translated to algebraic expressions by exploiting the known explicit form
of the cross-section. The temperature dependences of these two thermodynamic quantities
are determined in section 4 from the result, mentioned above, that the combinétiof x
is a constant. The subtle balance of the weights attached to elastic and inelastic events in
scattering, and their variation with temperature, is believable because the analysis is made
without further approximations. Statistical mechanics has to be applied in a consistent
manner. For example, a completeness statement is not to be used; if it is our model is
robbed of its interesting thermodynamics, since completeness implie®. At the end of
our calculation one has derived realistic results for the thermodynamic quantities, using a
novel method, and taken a fresh look at the cross-section for scattering neutrons from states
of a crystal-field potential. The standard mean-field method for estimating thermodynamic
quantities is briefly reviewed in section 5 to better appreciate the method described in
section 4. Finally, section 6 contains a discussion of our findings, and a generalization of
the model used in the body of the text.
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2. Model

The isolated atom, described ¥, has two nondegenerate eigenstdteswith j = 1, 2,
chosen to be purely real. The operation in which all velocities are reversed (time reversal)
bestows several important properties to the atom and matrix elements required in our
calculation. Hy can have nondegenerate eigenstates if it is time-even and describes an
even number of electrons. For these states diagonal matrix elements of the total angular
momentum operatod are zero. This result uses the propertybfthat it is a time-odd
operator, and can be viewed as a generalization of Van Vleck's theorem for quenching
orbital angular momentum by a crystal-field potential which totally lifts the degeneracy
of the ground state. Off-diagonal matrix elements.Jbfare zero or purely imaginary.
This result for off-diagonal matrix elements is valid for time-odd operators and purely real
eigenstates (which exist for nondegenerate states); a proof can be constructed with the same
mathematical apparatus used in a proof of the generalized Van Vleck theorem. Later, we
represent off-diagonal matrix elements.bfby i¢ and¢ is purely real or zero.

The wave functions and energies of the two state&@f V can be written in terms of
the corresponding quantities féfy. Here, we just record results with a direct bearing on
the calculation of the cross-section, and fronujtand x. As V is proportional toJ only
its off-diagonal matrix elements are different from zero. The separation of the two energy
levels of Hy + V is

e = (A2 4 [21V[2)]D) (2.1)

where A is the corresponding quantity for the system describedipy

To calculate the neutron cross-section, which is treated in the next section, we need the
matrix elements of/ calculated with the wave functions @iy + V. Let us label the two
states ofHy + V by the lettersz andb. We find energies

E,

E, } =(E1+ Ex+¢) (2.2)

in which E; — E> = A. For the moment, all matrix elements &f and J,, are assumed to

be zero; it is argued in section 6 that this assumption does not bear on our main findings,
and it is used now to simplify the algebra in our calculations. The matrix elefight2)

is assumed to be nonzero and have the vajlughiere¢ is purely real. The matrix elements
required to calculate the cross-section are found to be

(alJ.la) = —(b|J |b) = ¢{1— (A /)22 and (alJ.Ib) = —=¢(A/e). (2.3)

The matrix element of the angular momentum operator between the two states of
Ho, (1]J,]2) = i¢, can be expressed in terms of other parameters in the model, as we
will demonstrate. Our model does not invoke a completeness statement that, among other
things, implies

(a|J?|a) = (b|J2|b) = ¢? (2.4)

andA = 0.
It remains to specify¥. A Weiss molecular-field description of the magnetic envir-
onment is provided by the choice

V=X-J (2.5)

where is a coupling parameter.
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3. The neutron scattering cross-section

The magnetic neutron cross-section is derived from the so-called dipole approximation to
the magnetic scattering amplitude [5]. In this approximation the cross-section, in units of
0.29 barns, is

2 ’

% = (I;C){%gF(K)}ZSmZG ZPMWIJZIM’)(M’I&IM)S@ +E,— Eu). (3.1)
Iy

Here, K = (k — k') is at an angl® to the axis of quantization, which we have labelled

the z-axis. The vectorK is the change in the wave vector of the neutron created by the

scattering event, ang is the concomitant change in the energy=£ 1) of the neutron.

The delta function in (3.1) expresses the conservation of energy for a scattering event. The

labelsu, i’ refer to the states ofly + V, g is the Lan@ factor, andF(K) is the atomic

form factor. The quantityp,, is the Boltzmann population factor for the state labelled

and)_ p, =1.
For a two-state atom (3.1) reduces to

2 ’

5 o _ <k>{;F(K) sSiN}{ugs (@) + Swx{l+n(@)}[§(w+e) +8w—29)]}. (3.2)
QdE’ k

From general considerations about information in the cross-section the weights of the elastic

and inelastic contributions to the cross-section are known to be thermodynamic properties

of the atom; explicit results for the two-state atom are given below. First, the weight of the

purely elastic line is proportional tpg wherepu is the magnetic moment of the atom. This

has a saturation value, denoted by at zero temperature, and decreases with increasing

temperature until it vanishes at the critical temperature. The inelastic processes, which

contribute when the energy of the neutron changes in the scattering everd, montain

the standard detailed-balance factor

o[l + n(w)] = /{1 —exp(—w/T)} (3.3)

whereT is the temperature (in units of Boltzmann’s constant). The thermodynamic quantity,
X, is the magnetic susceptibility.

The thermodynamic quantities are dervied by using the results of the previous section
and we find the expressions

fo = g¢{l— (A/e)2M? (3.4)
and
x = 8%(2/e)(A¢/e)* tanh(e/2T). (3.5)

A few more comments abouyty and x are appropriate at this juncture. The magnetic
moment vanishes at the temperatu¥g, at which the energy separatiegn= A. The
temperature dependence @f is one of the subjects of the next section. It can be shown,
using (3.4) and (5.1), for example, that

g{J:) = —potanh(e/2T). (3.6)

This admits the interpretation thag is the local magnetic moment of an isolated ion, and
g({J.) is the bulk magnetic moment. The difference between the two moments is created
by thermal fluctuations, which vanish at zero temperature. Regarding the susceptibility, its
presence in the cross-section is required by the general theory of scattering, or equivalently
linear response theory [5]; one knows from the theory that the frequency sum rufein 1
applied to the inelastic events in the cross-section gives the isothermal susceptibility (apart
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from a factor 2). Finally, let us note that the structure of the cross-section (3.2) is quite
independent of the method used to estimate the thermodynamic quantities, which is taken
up in the next sections. Of course, the structure of (3.2) does reflect the properties assumed
of our model, and notably the existence of two magnetic states and the absence of processes
involving the transverse components of the angular momentum; cf. section 6.

4. Thermodynamic properties

We will proceed to the determination of the thermodynamic properties of the system by
calculating the thermal average value.bf J, using a method which has many features in
common with the spherical model description of static spin correlations, including a partial
account of quantum effects present at low temperatures [1, 4]. If all states of the magnetic
atom are taken into account, i.e. completeness is imposed, one can £euaadJ (J +1),
so (J - J) is a constant independent of the temperature. We propose that the same result
holds in our model, which is physically plausible, of course, and a corollary of the choice
A #0.

Only one term in(J - J) is nonzero because the assumptidj/,|2) = O for @ = x
or y means(J?) = 0; cf. (5.1). Average values of products @f are obtained from the
partition function

2exg—(Ey + E2)/2T} coshe/2T)

by differentiating it the requisite number of times with respect tavhich appears im [1].
From the second derivative of the partition function we find the estimate

g2 =ug+Tx (4.1)
where g and x are defined in (3.4) and (3.5). From (3.5) evaluated at 0,
X = 2(gcA)?/e3 T =0. (4.2)

Since the susceptibility af = 0 is bounded the result (4.1) evaluated at this temperature
tells us the constant on the left-hand side is the saturation momeand for an arbitrary
temperature we take

This result can be interpreted as a sum rule on weights attached to elastic and inelastic
events in the cross-section (3.2), or an equation of state for the thermodynamic quantities
uo and x. In the context of scattering by the atom, the content of (4.3) is expressed by the
observation that total scattering, over all possible events, is a constant independent of the
temperature.

It is of interest to compare (4.2) with the value of the susceptibility.atTo this end
it is useful to introduce some reduced variables. tet A/27. andy = (u/g¢)?, which
are related by

y = (tanhx)/x < L. 4.4)

This relation follows from (4.3) evaluated fat = T,.. Writing x = x(T), the ratio of the
susceptibilitiesT = 0 andT = T, is

X O/x (T} = L= 0¥/ (xy). 4.5)
In the limitx < 1
{x(0)/x(T.)} — 0.192x*
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Table 1. Various quantities are shown as functions of the reduced temperdatye)( Results

are forx = 0.30 for which y = 0.97. The results in brackets, alongside the results for
the reduced magnetic moment, are the reduced magnetic moments obtained from a Brillouin
function, equation (4.7).

T/T. po/n x(T)/x(Te) Afe

00 10 (1.0) 0017 0.17
04 0995 (0.986) 0.026 0.20
0.6 0988 (0.907) 0.040 0.23
08 0968 (0.711) 0.079 0.30
09 0931 (0.525) 0.148 0.40
0.95 0867 (0.379) 0.261 0.52
099 0606 (0.173) 0.639 0.80

and this means, for the case in hand, that the weight of the inelastic contribution to the
cross-section is relatively weak at a temperature small compardyl. té-or T = 0 and
x — 0 one finds that the energy separation is independert ahd it achieves the value
& = 2T./3.

To calculate thermodynamic quantities in the range of temperatures Tipitgroves
useful to introduce a third reduced variabte= ¢/27.. The sum rule (4.3) expressed in
terms of the reduced variables is

y =1+ (x/2)*{(z/z) tanh(z/7) — 1} (4.6)

wheretr = (T/T,). The magnetic moment is obtained from (3.4) using the valugsafd
A/e = x/z, and the corresponding value of the susceptibility follows immediately from
(4.3). By way of an illustration, table 1 contains valuesu@f/ u, x (T)/x(T.) and A /e as
a function of T/ T, for the particular case = A /2T, = 0.30.

Looking at the values in table 1 @iy it is evident that they are significantly different
from those obtained from a standard mean-field method. To quantify this observation we
include in the table values of that satisfy the mean-field equation (Brillouin function)

m = tanhim/t). 4.7
The momentug vanishes ag” approached, with a power-law dependence, namely
,uooc(l—t)l/2 T—>1

and m possesses the same temperature dependence. The difference hegveeehn is
in the amplitude factors, and fqrg we find that this strongly depends on the value of
x = A/2T,, for small values ofc. In the latter case

ni o {1—(A/e)?) )y = (5/x*)(1 - 1). (4.8)

Hence, a small value of enhances the magnitude af, for a given value ofc. In the
opposite extremey — oo, we find thatu is independent ok. The corresponding values
of x are obtained from (4.3). A small value ofreducesy, and enhancegg, and we find
for x « 1 andt close to unity

x(T) = x(TH{1— 51— 1)/x%. (4.9)

For large values ofx the susceptibility is independent of, at the same level of
approximation in - t.
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5. The mean-field method

It is to be noted that in the previous treatment of the thermodynamic properties of our
model no use is made df/,). Instead, thermodynamic properties are obtained from an
equation which is derived frortJ - J). In this respect, the treatment of the thermodynamic
properties is similar to the spherical model approximation for the static correlation functions
of a Heisenberg magnet, while basing the thermodynamic properties on an equatién for
using A « (J,) is the standard mean-field method [6]. Of course, the essential difference
between the two methods is the assumption in the mean-field methoi ithatoportional
to (J,), whereas in our methadis not explicit in the values that we derive for the magnetic
moment and the susceptibility. The usejoftx (J,) is physically motivated, scilicet the
Weiss molecular field. For completeness, and to facilitate a comparison of the two methods,
we briefly describe the standard mean-field method applied to our model system.

One easily finds

1/ de
(Jy) = —2<%> tanh(e/2T). (5.1)

For our model, the right-hand side vanishes for all Cartesian components exeept and
(11V12) = A,(1|J,]2). The standard mean-field method is obtained by takintp have the
form

Ay = —ho(J7). (5.2)
Using this relation in (5.1) yields an equation for the temperature dependence of the gap
energy, namely

e = 2xot tanh(e/2T). (5.3)

This equation requires to vanish at a temperature which is larger tHan For 7 = T,
one has = A, and using these values in (3.5) and (5.3) we find [6]

g2 = rox(To) (5.4)

which determines the coupling parametefTain terms of x (7).
Other features of the mean-field method applied to our model are conveniently expressed
in terms of the temperaturd,,, at whiche in (5.3) is zero. One finds

T, = Aol? (5.5)

g0 = (¢/2T,) = tanh(eo T,/ T) (5.6)
and (3.6) becomes

mo = —g{J:)/¢o. (5.7)

Note that (5.5) implies thaty is a constant which is independent of the temperature. At
absolute zereg = 1. The temperature dependenceugfobtained by the mean-field method
is similar to that obtained by our method. In particular, equation (5.7) approaches zero at
the critical temperature with the power-law dependence displayed in (4.8), and the only
difference is the factor 5 in (4.9) is replaced by the factor 3.

To complete the physical picture on which the mean-field method rests we xgltde
the strength of the exchange parameters in a Heisenberg interaction between spin operators,
{S;}, located at sites labelled by the indgx Denoting the exchange parameter for two
sitesi andj by I(i, j), which has the property(j, j) = 0, the Heisenberg interaction is

=Y G DS+ Sy =—(@—=D>Y_1G, NI - J; (5.8)
i,j i,j
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and the mean-field energy parameter is [6]

ho=2g—-D>Y 1, ). (5.9)
J

The results (5.4) and (5.9) relate the susceptibility, measurdd, ab the strength of the
exchange parameters.

6. Discussion

We have calculated the neutron cross-section for a magnetic ion that has two nondegenerate
energy levels separated by a small enefgy The environment of the ion exerts a Weiss
molecular field and the potential is taken to be proportional to the total angular momentum,
J. The cross-section for this simple model can be calculated without approximation. The
second aspect of our study is the calculation of the thermodynamic quantities in the cross-
section, which are the weights attached to the elastic and inelastic scattering events. We
have demonstrated that a sum rule for the weights, which is an exact statement, permits the
calculation of the thermodynamic quantities in termshoéind the critical temperature, say.
Moreover, the weights admit a physical interpretation; the weight attached to the elastic
event is the square of the magnetic moment, and the corresponding quantity for inelastic
events is the isothermal susceptibility.

The model can be viewed as an abstraction from a full crystal-field model, and it will
be of value whenA is small compared to the energy of the second excited state in the
crystal-field energy level scheme. A case in point is the rare-earth magnet studied by
Staubet al [2]. They estimate that the ratio of the energy of the second level tis
approximately 5< 10%, andx = A /27T, ~ 0.007 whereT, is the temperature below which
there is a spontaneous magnetic moment. For this set of parameters, we predict a separation
in energy of the two states at zero temperature 1.64 meV, which then decreases with
increasing temperature, by a factor of 0.004, to its value A at 7.. The small weight
attached to the transition at zero temperature, which we find to be proportiona) &md
an instrument resolution larger thax contrive in the execution of the neutron scattering
experiment to render the transition unobservable. One of the compounds studied by Blaise
et al [3] might also be realistically described by our model. For R&& the ratio of the
energy of the second level in the crystal-field scheme\tes ~14, andx = 0.37. The
interpretation of the scattering experiment provided by the authors is in accord on several
fronts with our findings. For example, the weight attached to the transition with eaergy
shows a substantial decrease in moving from the paramagnetic state ddwe-10.27,,
and there is a concomitant increasesiby a factor of three.

Regarding the magnetic moment one has the exact identity (3.6) that relates the bulk
and local moments, from which one deduces(J,)/uo < 1 and the equality is achieved
at zero temperature. Physically the difference between the two moments can be ascribed to
thermal fluctuations (absent in the classical limit). A very similar phenomenon is observed
in the study of an isolated quantum harmonic oscillator, of interest in the interpretation of
Mossbauer spectra, which has thermodynamic properties, e.g. a Debye—Waller factor, that
are different from those obtained for an assembly of oscillators. A physical interpretation
of the ratio—g(J,)/uo can be made in terms of the average energfef- V. The latter,
measured with respect to the midpoint of the two leveldfinwhich are separated by an
energyA, is found to be

—(eg/2)tanh(e/2T).
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Referring back to the identity (3.6) one can therefore interpret the ratio of the magnetic
moments as proportional to the variance in the average energy of the two stéigs-ivi.

Finally, let us consider what happens to our findings when we generalize the model
by lifting the restriction that the transverse componentd afre quenched. Let the matrix
elements(1]J,|2) = ig,, with @« = x, y or z, be different from zero. The sum rule (4.3) is
changed only in so much &% in né and x is replaced by

> g2

Hence, in the discussion of thermodynamic properties that stem from the sum rule the
variabley is

y= /9?2

Since this is the only change necessitated by the generalization of our model one concludes
that the generalization does not change the thermodynamic properties. Next, we consider
the change to the neutron scattering cross-section. In (3.1)

SIP O (ul J |y (1| | )

is replaced by

D G — KaKp) il Julit') (14| g1 12)
a.p

in which K, is thea-component of the unit vectak = K/|K|. On carrying through the
calculation of the cross-section, the change with respect to (3.2) is tRat| &ifv.|2)|? is
replaced by

Y Gup — KaKp) (1 J]2) (11 J512).
a.p

Now, the materials investigated are often in the form of powders, and not single crystals. In
this case, it is appropriate to average the cross-section over the orientatifhsetdtive to

the crystal axes. If the atomic form factor is independent of the directioi pfo a good
approximation, the orientational average amounts to no more than averaging the foregoing
combination of matrix elements, and the answer is

2 2
32 G =3 /e?)y.

We conclude that the thermodynamic properties of the cross-section are completely
determined by the sum rule, which is the case with the simpler model that we have used as
a vehicle for our discussion in the preceding sections.
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